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After reformulating F (Riemann) gravity theory as a second derivative theory by introducing two
auxiliary fields to the bulk action, we derive the surface term as well as the corner term supple-
mented to the bulk action for a generic non-smooth boundary such that the variational principle
is well posed. We also introduce the counter term to make the boundary term invariant under the
reparametrization for the null segment. Then as a demonstration of the power of our formalism, not
only do we apply our expression for the full action to evaluate the corresponding action growth rate
of the Wheeler-DeWitt patch in the Schwarzchild anti-de Sitter black hole for the F (R) gravity and
critical gravity, where the corresponding late time behavior recovers the previous one derived by
other approaches, but also in the asymptotically Anti-de Sitter black hole for the critical Einsteinian
cubic gravity, where the late time growth rate vanishes but still saturates the Lloyd bound.
I. INTRODUCTION
Generically, in order to make the variational principle
well posed for gravity theories, one is required to add the
surface term to the bulk action. In this way, the Gibbons-
Hawking-York (GHY) surface term is introduced for the
case of Einstein gravity, but is applicable only to a non-
null boundary[1–3]. For a null boundary, the surface
term has also been investigated recently[4–8]. Moreover,
if the boundary is non-smooth, i.e., the boundary con-
tains some corners intersected by the segments, the ad-
ditional corner term has to be added to the action[9, 10].
On the other hand, although the non-null surface terms
have been developed for other gravitational theories, such
as F (R) gravity[11, 12], Gauss-Bonnet gravity[13, 14],
Lanczos-Lovelock theory[15–18], and other higher deriva-
tive theories[19–21], the corresponding null surface term
has not been fully explored.
However, for a generic higher order gravitational the-
ory as usually formulated, due to higher-derivative terms,
it is hard to find an appropriate surface term to make
the variational principle well posed[22]. But at least for
F (Riemann) gravity, this problem can be circumvented
by introducing two auxiliary fields, because this allows us
to recast the action as a second order gravitational the-
ory, which is on-shell equivalent to the original action[23].
Furthermore, if the auxiliary fields on the boundary can
be shown by the Hamiltonian analysis to be independent
of the extrinsic curvature1, then for a smooth non-null
boundary a generalized GHY term can be found to estab-
lish the well posed variational principle. In this paper, we
shall focus exclusively on this situation and formulate the
well posed variational principle for more general circum-
∗ jiejiang@mail.bnu.edu.cn
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1It is noteworthy that Lanczos-Lovelock theory does not satisfy this
requirement and will not be treated in this paper. Readers are
referred to [18, 24] for this theory.
stances, where the boundary is not necessarily required
to be non-null or smooth.
Another motivation to evaluate the full action with
a non-smooth boundary including null segments comes
from the “complexity equals action” (CA) conjecture[25,
26]. This conjecture states that the complexity of a par-
ticular state |ψ(tL, tR)〉 on the boundary is given by
C (|ψ(tL, tR)〉) ≡ I
pi~
, (1)
where I is the on-shell action in the corresponding
Wheeler-DeWitt (WDW) patch, enclosed by the past and
future light sheets sent into the bulk spacetime from the
boundary time slices tL and tR. As an application of our
formulation of the full action for F (Riemann) gravity, we
shall evaluate the action growth rate of the WDW patch
in the Schwarzschild anti-de Sitter (SAdS) black hole for
both the F (R) gravity and critical gravity. This thus
makes up the deficiency of the approaches developed in
[25, 26], which can only give rise to the late time behavior
of the action growth rate[27, 28]. To further demonstrate
the power of our formalism, we also evaluate the action
growth rate of the WDW patch in the asymptotically
AdS black hole for the critical Einsteinian cubic gravity.
The resulting late time growth rate still saturates the
Lloyd bound although vanishes.
This paper is structured as follows. In Sec.II, we follow
the strategy developed in [23] to introduce the two auxil-
iary fields to reformulate the original action and evaluate
its variation. After this, we derive the required bound-
ary term to make the variational principle well posed
for both non-null segments and null segments of a non-
smooth boundary in Sec.III and Sec.IV, respectively. As
an application of the resulting full action, Section V de-
votes an explicit calculation of the action growth rate for
the WDW patch in the SAdS black hole for both F (R)
gravity and critical gravity, as well as in the asymptot-
ically AdS black hole for the critical Einsteinian cubic
gravity. We conclude our paper in Sec. VI.
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2II. REFORMULATION OF F (RIEMANN)
GRAVITY THEORY
The conventional bulk action for F (Riemann) gravity
is given by
Ibulk =
∫
M
dd+2x
√−gF (Rabcd, gab) (2)
with F an arbitrary function of Rabcd and gab. Its varia-
tion can be obtained as
δIbulk =
∫
M
dd+2x
√−gEabδgab +
∫
∂M
δ¯vadΣa . (3)
Here dΣa is the outward-directed surface element on ∂M,
and
δ¯vc = 2Pa
bcdδΓabd + 2δgbd∇aP abcd (4)
with P abcd = ∂F∂Rabcd . In addition, the symbol δ¯ indicates
an infinitesimal quantity which can not be written as the
variation of any quantity. Obviously, Eab = 0 is simply
the equation of motion. But in order to give rise to a
well posed variational principle, we must supplement a
boundary term Ibdry such that
δIbdry = −
∫
∂M
δ¯vadΣa +
∫
∂M
pNδq
NdΣ (5)
with qN the intrinsic geometric quantity as well as its
derivatives to the boundary. If the boundary is smooth,
the boundary term involves only the surface term Isurf.
On the other hand, if the boundary is non-smooth, not
only does the boundary term include the surface term,
but also the corner term Icorner.
However, it is generically difficult to find the corre-
sponding boundary term, if any, for the bulk action (2).
Gratefully this problem can be circumvented by intro-
ducing two auxiliary fields ψabcd and φabcd, which allows
us to recast the original bulk action (2) into the following
form[23]
Ibulk =
∫
M
dd+2x
√−g×[
F (φabcd, gab)− ψabcd (φabcd −Rabcd)
]
,
(6)
where we demand these two auxiliary fields have the same
symmetries asRabcd. The variation of this new action can
be expressed as
δIbulk =
∫
M
dd+2x
√−g×(
Eabδg
ab + Eabcdφ δφabcd + E
abcd
ψ δψabcd
)
+
∫
∂M
δ¯vadΣa
(7)
with
Eabcdφ =
∂F (φabcd, gab)
∂φabcd
− ψabcd ,
Eabcdψ = R
abcd − φabcd ,
(8)
and
δ¯vc = 2ψa
bcdδΓabd + 2δgbd∇aψabcd . (9)
With the equations of motion Eabcdψ = 0 and E
abcd
φ = 0
satisfied, this new action is equivalent to the original one.
In particular, the corresponding boundary term is iden-
tified by the Hamiltonian analysis in [23] for the smooth
non-null boundary.
In what follows, we shall derive the boundary term for
a more general boundary by requiring this new action
have a well posed variational principle.
III. NON-NULL SEGMENTS
A. Variation of geometric quantities
We first present the variation of geometric quantities
associated with the segment of the boundary, which is ei-
ther spacelike or timelike. To achieve this, we choose the
gauge in which the segment under consideration is fixed
when we perform the variation. With this in mind, we
have the variation of the outward-directed normal vector
δna = δa na (10)
with δa = − ε2δgabnanb, where ε = nana. Whence we
further have
δna = −δa na − εδ¯Aa (11)
with δ¯Aa = −εhabδgbcnc, where the induced metric is
given by
hab = gab − ε nanb , (12)
which is tangent to the segment. The variation of the
metric can be further expressed as
δgab = −2εδa nanb − δ¯Aanb − δ¯Abna + δhab , (13)
whereby it is not hard to show
hadhbeh
c
f∇dδgef = Daδhbc −Kacδ¯Ab −Kabδ¯Ac(14)
with Kab = hachbd∇cnd the extrinsic curvature.
Finally, for the later calculations, we would like to
present two expressions for the variation of the extrin-
sic curvature. The first one is given by
δKab =δ
(
hachbd∇cnd
)
=δhachbd∇cnd + hacδhbd∇cnd
− hachbdneδΓecd + hachbd∇cδnd
=δhacKbc + δh
bcKac + δaK
ab − hachbdneδΓecd ,
(15)
and the second one is given by
δKab =δ
(
hachbd∇cnd
)
=δhachbd∇cnd + hacδhbd∇cnd
+ hachbdδΓ
d
cen
e + hachbd∇cδnd
=δhacKbc − δaKab − εDaδ¯Ab + hachbdδΓdcene ,
(16)
where we have used δhbd = δ
(
δbd − εnbnd
)
= −δ¯Abnd
and Da as the covariant derivative operator of the in-
duced metric.
3B. Surface term on the boundary
As to the spacelike/timelike segment of the boundary,
the boundary term in the variation of the bulk action
(13) can be written as∫
Σ
δ¯vadΣa = ε
∫
Σ
naδ¯v
adΣ
= ε
∫
Σ
[
2ncψa
bcdδΓabd + 2ncδgbd∇aψabcd
]
dΣ.
(17)
The first term in (17) can be further evaluated as
2ncψa
bcdδΓabd = 2ncψa
bcdδaa1δ
b1
bδ
d1
dδΓ
a1
b1d1
= 2ncψa
bcd (εnana1 + h
a
a1)
(
εnb1nb + h
b1
b
)
× (εnd1nd + hd1d) δΓa1b1d1
= −2εΨab
(
hbehadδΓ
d
cen
c − hadhbeδΓcdenc
)
+ 2ndhgch
eahfbψgedfδΓ
c
ab ,
(18)
where we have used the symmetries of the auxiliary field
ψabcd and the definition
Ψab ≡ ψacbdncnd . (19)
Substituting (15) and (16) into the first two terms in (18),
we end up with
− 2εΨab
(
hbehadδΓ
d
cen
c − hadhbeδΓcdenc
)
= −2εΨab
(
2δKab − 3Kacδhcb + εDaδ¯Ab
)
,
(20)
where the property Ψab = Ψba has been used. For the
third term in (18), we have
2ndhgch
eahfbψgedfδΓ
c
ab
= ndheahfbψgedfh
gc (∇aδgcb +∇bδgca −∇cδgab)
= 2ndψgedfh
eahfbhgc∇aδgcb
= 2ndψgedf
(
Kegδ¯Af +Kef δ¯Ag −Deδhfg)
= 2ndψcadb
(
Kabδ¯Ac −Daδhbc) ,
(21)
where (14) as well as δgcb = −gcagbdδgab has been used
in the second step. Then (18) reduces to
2ncψa
bcdδΓabd = −2εΨab
(
2δKab − 3Kacδhcb + εDaδ¯Ab
)
+ 2ndψcadb
(
Kabδ¯Ac −Daδhbc) . (22)
On the other hand, the second term in (17) can be ex-
pressed as
2ncδgbd∇aψabcd
= −2nanbδ¯Achef∇fψbeac + 2naδhbc∇eψbeac
= −2δ¯AaDbΨab + 2δ¯AaψacbdKbcnd + 2naδhbc∇eψbeac .
(23)
Plugging (22) and (23) into (17), we have
naδ¯v
a = −2εΨab
(
2δKab − 3Kacδhcb + εDaδ¯Ab
)
+ 2ndψcadb
(
Kabδ¯Ac −Daδhbc)− 2δ¯AaDbΨab
+ 2δ¯AaψacbdK
bcnd + 2naδhbc∇eψbeac
= −4εΨabδKab − 2Da
(
δ¯AbΨab
)
+ (2na∇eψbeac + 6εΨabKac) δhbc − 2ndψcadbDaδhbc .
(24)
Now by requiring both δhab and δΨab vanish on the
boundary, we have∫
Σ
δ¯vadΣa = −4δ
(∫
Σ
ΨabK
abdΣ
)
− 2ε
∫
∂Σ
δ¯AbΨbadS
a .
(25)
If the boundary is smooth, ∂Σ = ∂2M = 0 implies that
the second term vanishes. Accordingly, the bulk action
can be supplemented with the surface term
Isurf = 4
∫
∂M
ΨabK
abdΣ (26)
to make the variational principle well posed. However, if
the boundary is non-smooth, the second term does not
vanish. In this case, to have a well posed variational
principle, we need add the additional corner term such
that
δIcorner = 2
∑
s
(
ε
∫
∂Σs
δ¯AbΨbadS
a
)
= 2
∑
s,s′
∫
Css′
(
εsδ¯A
a
sΨsabdS
b
s + εs′δ¯A
a
s′Ψs′abdS
b
s′
)
.
(27)
where the subscripts s, s′ denote the segments of the
boundary and Css′ = ∂Σs ∩ ∂Σs′ denotes the joint in-
tersected by the segments Σs and Σs′ . For simplicity, we
would like to define the corner term ICss′ contributed by
the joint Css′ , which satisfies
δICss′ = 2
∫
Css′
(
εsδ¯A
a
sΨsabdS
b
s + εs′δ¯A
a
s′Ψs′abdS
b
s′
)
.
(28)
Next, we shall separately derive the explicit expression
of the corner term for all kinds of joints intersected by
the segments of the boundary.
C. Corner term on the boundary
1. Timelike joint
As depicted in Fig.1, we first consider the timelike joint
C intersected by two timelike segments of the boundary
B1 and B2, i.e., C = B1 ∩ B2. Note that the condition
δhabs = 0, we have
δgab = −2δa1 na1nb1 − δ¯Aa1nb1 − δ¯Ab1na1
= −2δa2 na2nb2 − δ¯Aa2nb2 − δ¯Ab2na2
(29)
at the joint C. In addition, for each normal vector nsa
at the joint C, there exists another normal vector rsa to
the joint, which points outwards from Bs and satisfies
rs · ns = 0. {nas , ras} forms a pair of unit normals at the
joint C, and the two pairs can be related to each other
by a rotation
na2 = n
a
1 cos θ + r
a
1 sin θ,
ra2 = n
a
1 sin θ − ra1 cos θ
(30)
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FIG. 1. The timelike joint is intersected by two timelike seg-
ments B1 and B2.
for some rotation parameter θ. Substitute (30) into (29)
and make a decomposition δ¯Aas = δ¯A
r
sr
a
s + δ¯Aˆ
a
s with δ¯Aˆ
a
s
a tangent vector of the joint C, then we have
− 2δa2 na2nb2 − δ¯Ar2ra2nb2 − δ¯Ar2rb2na2 − δ¯Aˆa2nb2 − δ¯Aˆb2na2
= −2 cos θ (sin θδ¯Ar2 + cos θδa2)na1nb1
+ (cos 2θδ¯Ar2 − sin 2θδa2) (na1rb1 + nb1ra1)
+ 2 sin θ (cos θδ¯Ar2 − sin θδa2) ra1rb1
− sin θ
(
δ¯Aˆa2r
b
1 + δ¯Aˆ
b
2r
a
1
)
− cos θ
(
δ¯Aˆa2n
b
1 + δ¯Aˆ
b
2n
a
1
)
= −2δa1 na1nb1 − δAr1ra1nb1 − δAr1rb1na1 − δAˆa1nb1 − δAˆb1na1 ,
(31)
which gives rise to
δa1 = δa2 ≡ δa , (32)
δ¯Aas = tan θ δa r
a
s . (33)
On the other hand, from the transformation (30), we can
obtain
cos θ = n2 · n1 , (34)
the variation of which yields
− sin θ δθ = −δa na2n1a − δ¯Aa2n1a + δana2n1a
= − tan θ δa sin θ . (35)
Whence we have
δ¯Aas = δθr
a
s . (36)
With the above preparation, the variation of the corner
term can be written as
δIC = 2
∫
C
(
δ¯Aa1Ψ1abdS
b
1 + δ¯A
a
2Ψ2abdS
b
2
)
= 2
∫
C
(
Ψ1abδ¯A
a
1r
b
1 + Ψ2abδ¯A
a
2r
b
2
)
dS
=
∫
C
ΨˆδθdS ,
(37)
where Ψˆ = 4Ψsabr
a
sr
b
s = ψ
abcdabcd is the Wald entropy
density with the binomal defined as ab = (ns ∧ rs)ab =

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FIG. 2. The spacelike joint is intersected by a spacelike
segment B1 and a timelike segment B2.
2n[sarsb], which does not depend on the choice of pairs,
namely keeps invariant under the above Lorentz trans-
formation.
The requirements δΨab = 0 and δr
a
s = 0 lead to
δΨˆ = 0. Accordingly, the corner term can be derived
as the Wald entropy density multiplied by the rotation
parameter, i.e.,
IC =
∫
C
Ψˆ θdS , (38)
which vanishes when θ = 0 as it is expected to be the
case.
2. Spacelike joint
As shown in Fig.2, now we consider a typical type of
spacelike joint C intersected by a spacelike segment B1
and a timelike segment B2 . In this case, the two pairs of
the normal vector {nas , ras} can be related to each other
by the boost transformation
na2 = r
a
1 cosh η − na1 sinh η ,
ra2 = n
a
1 cosh η − ra1 sinh η
(39)
with η the boost parameter. Substituting this transfor-
mation into the following equality
δgab = 2δa1 n
a
1n
b
1 − δ¯Aa1nb1 − δ¯Ab1na1
= −2δa2 na2nb2 − δ¯Aa2nb2 − δ¯Ab2na2 (40)
at the joint C, one can show
δa1 = δa2 ≡ δa , (41)
δ¯Aas = coth η δa r
a
s . (42)
Furthermore, by virtue of the variation of sinh η = n1 ·n2,
one can obtain
δ¯Aas = δη r
a
s . (43)
5Accordingly, the variation of the corresponding corner
term can be expressed as
δIC = −2
∫
C
(
δ¯Aa1Ψ1abdS
b
1 − δ¯Aa2Ψ2abdSb2
)
= −2
∫
C
(
Ψ1abδ¯A
a
1r
b
1 + Ψ2abδ¯A
a
2r
b
2
)
dS
= −
∫
C
ΨˆδηdS ,
(44)
where we have used dSa1 = r
a
1dS and dS
a
2 = −ra2dS due to
the fact that ra1 is spacelike while r
a
2 is timelike. Whence
one can obtain the corner term as
IC = −
∫
C
ΨˆηdS , (45)
where we have required the corner term satisfy the ad-
ditivity rule, which will be documented in detail later
on.
For the later convenience, we would like to re-express
the boost parameter η. To this end, as shown in Fig.2,
we define la to be a null vector as
la = A(na1 + r
a
1)
= B(na2 + r
a
2) .
(46)
Substitute the transformation (39) into it, then we have
B = A (cosh η + sinh η) = Aeη , (47)
which leads to a new expression for the boost parameter
as
η = lnB − lnA = ln (l · n2)− ln (−l · n1) . (48)
By the same token, in terms of another null vector
ka = C(na1 − ra1)
= D(−na2 + ra2) ,
(49)
the boost parameter can also be written as
η = ln (−k · n1)− ln (−k · n2) . (50)
3. Other joints
The additivity rule is supposed to be valid not only for
the bulk term and surface term, but also for the corner
term. With this in mind, one can derive the corner term
for any other spacelike joint from the previous one. For
instance, regarding the case (a) in Fig.3, the correspond-
ing corner term can be obtained as a sum of two corner
terms as
ICa = IB∩B1 + IB∩B2
= −
∫
B∩B1
Ψˆη1dS −
∫
B∩B2
Ψˆη2dS
= −
∫
C
Ψˆ (η1 + η2) dS
= −
∫
C
ΨˆηadS ,
(51)
where we have introduced an auxiliary segment B. Note
that it follows from (48) that
η1 = ln (l · n1)− ln (−l · n) , (52)
η2 = − ln (l · n2) + ln (−l · n) · (53)
Thus we have
ηa = ln (l · n1)− ln (l · n2) . (54)
Similarly, for the case (b), (c), and (d), the corner term
can be readily expressed as minus the Wald entropy den-
sity multiplied by the boost parameter with
ηb = ln (l · n1)− ln (−l · n2) , (55)
ηc = ln (l · n1)− ln (−l · n2) , (56)
ηd = ln (l · n2)− ln (l · n1) . (57)
IV. NULL SEGMENTS
A. Variation of geometric quantities
We now consider the null segment of the boundary N ,
which is foliated by an outward-directed null geodesic
ka = ( ∂∂λ )
a of a cross section S. We further introduce a
null vector field la on N , which is normal to S and satis-
fies kala = −1. With this, the metric can be decomposed
as
gab = −kalb − kbla + σab , (58)
where σab is tangent to S.
In what follows, we shall work with the gauge in which
the location of such a null segment as well as its foliation
structure keeps unchanged under the variation, i.e.,
δka = δαka , δk
a = 0 , (59)
which implies
δla = δ¯βka , (60)
where δα = δgabkalb and δ¯β =
1
2δg
ablalb. Furthermore,
by lal
a = 0 and kal
a = −1, one can obtain
δla = −δ¯β ka − δα la + δ¯la (61)
with δ¯la tangent to S. Whence the variation of the metric
is given by
δgab = 2δ¯β kakb + δα(kalb + kbla)
− kaδ¯lb − kbδ¯la + δσab . (62)
The geodesic equation reads
ka∇akb = κ kb , (63)
where κ measures the failure of λ to be an affine param-
eter. Whence we have the following two expressions for
the variation of κ as
δκ = −δ (lakb∇bka) = ka∇aδα+ δΓcablakbkc , (64)
δκ = −δ (lakb∇bka) = −δΓabclakbkc , (65)
which give rise to
δΓcabl
akbkc − δΓabclakbkc = 2δκ− ka∇aδα . (66)
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FIG. 3. The corner intersected by B1 and B2 can be regarded as the addition or subtraction of two corners by introducing an
auxiliary segment B.
B. Surface term on the boundary
For the null segment N , the boundary term in the
variation of the bulk action can be expressed as∫
N
δ¯vadΣa =
∫
N
kaδ¯v
adλdS
=
∫
N
[
2kcψa
bcdδΓabd + 2kcδgbd∇aψabcd
]
dλdS .
(67)
By insertion of (58), we have
kcψa
bcdδΓabd =
1
4
Ψˆ
(
δΓabckak
blc − δΓcabkakblc
)
+ kaψacdfσ
bcσedσhf∇hδgbe − kakbψbcdf lcσedσhf∇hδgae
+ kakbkcψcedf l
dleσfh (∇hδgab −∇bδgah)
+ kakbψbdcfk
cldleσfh (∇aδgeh +∇hδgae − 2∇eδgah)
+ kaψadbfk
blcσedσhf (∇cδgeh −∇hδgec)
+ kakbψbdcf l
cσedσhf (∇aδgeh −∇hδgea) ,
(68)
where Ψˆ = 4ψabcdk
albkcld = ψabcdabcd with the binor-
mal given by ab = (k ∧ l)ab. Substituting (66) and (62)
into the above expression and make a straightforward but
tedious calculation, one can obtain∫
N
δ¯vadΣa =
∫
N
ΨˆδκdλdS
−
∫
N
d
dλ
[(
1
2
Ψˆδα− 2kakbψacbdlcδ¯ld
)
dS
]
dλ
− 2
∫
N
[
D˜e
(
kakblcσdeψacbdδα− kakbσedψacbdδ¯lc
)]
dλdS ,
(69)
where we have already used the condition δσab = 0 with
D˜a the covariant derivative operator on S. Below we
shall focus on the case in which ∂S = 0. Then the last
term in (69) vanishes, which leads to∫
N
δ¯vadΣa = δ
[∫
N
ΨˆκdλdS
]
−
∫
∂N+
(
1
2
Ψˆδα− 2kakbψacbdlcδ¯ld
)
dS
+
∫
∂N−
(
1
2
Ψˆδα− 2kakbψacbdlcδ¯ld
)
dS
(70)
where we have used δΨˆ = 0. Thus the surface term from
the null segment N is given by
Isurf = −
∫
N
ΨˆκdλdS . (71)
On the other hand, if the joint on the boundary is in-
tersected by one null and another non-null segment, the
variation of the corner term can be obviously expressed
as
δIcorner = ±
∫
Cs±
(
1
2
Ψˆδα− 2kakbψacbdlcδ¯ld
)
dS
+ 2
∫
Cs±
(
εsδ¯A
a
sΨsabdS
b
s
)
.
(72)
C. Corner term on the boundary
1. Joint by a null and a spacelike segment
As illustrated in Fig.4, we first consider the joint which
is intersected by a spacelike segment B and a null segment
N . In this case, there exists a transformation at the joint
7
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FIG. 4. The spacelike joint is interjected by a null segment
and a spacelike segment.
C, from the pair of normals {na, ra} to the double nulls
{ka, la}
ka = eχ (na + ra) ,
la =
1
2
e−χ (na − ra) (73)
with χ a scaling factor. Substituting the inverse of this
transformation into the following variational identity
δgab = 2δa nanb − δ¯Aanb − δ¯Abna
= 2δ¯β kakb + δα(kalb + kbla)− kaδ¯lb − kbδ¯la (74)
at the joint with hab and σab fixed, we can obtain
δgab = 2δ¯β kakb + δα(kalb + kbla)− kaδ¯lb − kbδ¯la
=
e−2χ
2
(δa− δ¯Ar) kakb + 2e2χ(δa+ δ¯Ar)lalb
+ δa(kbla + kalb)− e
−χ
2
√
2
(
kaδ¯Aˆb + kbδ¯Aˆa
)
−
√
2eχ
(
laδ¯Aˆb + lbδ¯Aˆa
)
,
(75)
which gives
δ¯Ar = − δa , δ¯Aˆa = δ¯la = 0 ,
δα = δa , δ¯β =
1
2
e−2χδa .
(76)
Furthermore, by virtue of the variation of eχ = −naka,
one can obtain
δa = δχ = δ ln (−n · k) . (77)
With the above preparation, the variation of the corner
term can be written as
δIC =
∫
C
ΨˆδχdS (78)
which gives the corner term as
IC =
∫
C
ΨˆχdS (79)
with
χ = ln (−n · k) . (80)
2. Joint intersected by double null segments
With the corner term obtained before, one can readily
derive the corner term for any other type of joint by the
additivity rule. As a demonstration and for the later
calculations as well, we would like to derive the corner
term for the joint intersected by double null segments.
As illustrated in the left panel of Fig.5, we first add an
auxiliary spacelike segment B, which divides the corner
into two parts. Then by the additivity rule, we have
IC =
∫
C
Ψˆ ln (−n · k1) dS +
∫
C
Ψˆ ln (−n · k2) dS
=
∫
C
Ψˆ [ln (−n · k1) + ln (−n · k2)] dS
=
∫
C
Ψˆ ln(−1
2
k1 · k2)dS .
(81)
Whence one can readily write down the corner term for
the four joints in the right panel of Fig.5 as
Icorner = IC12 + IC23 + IC34 + IC41
=
∫
C12
Ψˆ ln(−1
2
k1 · k2)dS −
∫
C23
Ψˆ ln(−1
2
k2 · k3)dS
+
∫
C34
Ψˆ ln(−1
2
k3 · k4)dS −
∫
C41
Ψˆ ln(−1
2
k4 · k1)dS .
(82)
D. Counter term on the boundary
Note that the surface term as well as the corner term
from the null segment depends on the parametrization of
the null generator. In order to eliminate this ambiguity,
we can introduce a counter term
Ict = −
∫
N
Θˆ ln (lctΘ) dλdS , (83)
where Θˆ = ∇a(kaΨˆ) = 1√σ∂λ(Ψˆ
√
σ) and Θ = ∇aka =
1√
σ
∂λ(
√
σ) is the expansion scalar of the null generator
with lct an arbitrary length scale. To show this, let us
consider the reparametrization dλ¯dλ = e
−β , which gives
k¯a = eβka , κ¯ = eβ (κ+ ∂λβ) ,
Θ¯ = eβΘ ,
¯ˆ
Θ = eβΘˆ .
(84)
As a result, we have
I¯surf + I¯corner = Isurf + Icorner
−
∫
N
Ψˆ(∂λβ)dλdS +
∫
∂N+
ΨˆβdS −
∫
∂N−
ΨˆβdS
= Isurf + Icorner +
∫
N
β√
σ
∂λ(Ψˆ
√
σ)dλdS ,
(85)
and
I¯ct = Ict −
∫
N
β√
σ
∂λ(Ψˆ
√
σ)dλdS , (86)
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FIG. 5. The joint is intersected by double null segments can be obtained by the additivity rule.
which implies
Isurf + Icorner + Ict (87)
is invariant under the above reparametrization.
V. APPLICATION: CASE STUDIES FOR
ACTION GROWTH RATE
A. Case 1: SAdS spacetime
We shall apply our above result to calculate the action
growth rate of the WDW patch in the SAdS spacetime for
F (R) gravity and critical gravity, respectively. The SAdS
metric is obtained originally as a solution to Einstein
equation with a negative cosmological constant, i.e.,
Rab = −d+ 1
L2
gab (88)
with L the AdS curvature radius. Its (d+2)-dimensional
expression is given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d,k , (89)
where f(r) = r
2
L2 + k− ω
d−1
rd−1 is the blackening factor, and
k = {+1, 0,−1} denotes the d-dimensional spherical, pla-
nar, and hyperbolic geometry, individually. The horizon
r = rh lies in the location where f(rh) = 0.
As illustrated in the Penrose diagram of the SAdS
spacetime Fig.6, I(tL, tR), denoted as the action for the
WDW patch determined by the time slices on the left and
right AdS boundaries, is invariant under the time trans-
lation, i.e., I(tL+δt, tR−δt) = I(tL, tR). Thus the action
growth can be computed as δI = I(t0 + δt, t1)− I(t0, t1),
where the time on the right boundary has been fixed. To
regulate the divergence near the AdS boundary, a cut-off
surface r = rmax is introduced. In addition, we also in-
troduce a spacelike surface r = rmin to avoid running into
the spacelike singularity inside of the SAdS black hole.
As such, we shall focus on the situation in which the
boundary consists solely of null and spacelike segments
only with spacelike joints. In addition, for simplicity we
shall adopt the affine parameter for the null generator of
null segments such that the surface term vanishes for null
segments. With this in mind, we have
δI = IM1 − IM2 + IΣ + IC1 − IC2 + δIct . (90)
Here M1 is bounded by u = t0, u = t0 + δt,v = t0 + δt,
and r = rmin. M2 is bounded by u = t0, v = t0, v =
v0 + δt, and u = t1. The null coordinates are defined as
u = t+ r∗(r) and v = t− r∗(r) with r∗(r) = ∫ drf .
1. F (R) gravity
For a general F (R) gravity, the equation of motion
reads
F ′(R)Rab − 1
2
F (R)gab − (∇a∇b − gab∇c∇c)F ′(R) = 0 ,
(91)
and the auxiliary field as well as its decedents can be
expressed as
ψabcd =
1
2
(
gacgbd − gadgbc)F ′(R) ,
Ψab = −1
2
habF
′(R) ,
Ψˆ = −2F ′(R) .
(92)
Whence the full on-shell action can be simplified as
I = Ibulk + Isurf + Icorner + Ict
=
∫
M
dd+2x
√−gF (R)− 2
∑
s
(∫
Bs
KF ′(R)dΣ
)
− 2(−1)λ
∫
Cλ
cλF
′(R)dS −
∫
N
Θˆ ln (lctΘ) dλdS .
(93)
In what follows, we shall consider the special case, in
which there exists an R0 such that
F (R0) =
2R0
d+ 2
F ′(R0) , (94)
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FIG. 6. Wheeler-DeWitt patches of a Schwarzschild-AdS
black hole.
where the prime denotes the derivative with respect to R.
As such, (88) with L2 = − (d+1)(d+2)R0 satisfies the above
equation of motion. Accordingly, the SAdS metric can
be regarded as its solution.
With the above preparation, now let us use (90) to
calculate the action growth rate in our F (R) gravity. So
we only need to keep the first order of δt below for each
term in (90). First, with the (u, r) coordinates, we have
IM1 = F (R0)Ωd,k
∫ t0+δt
t0
du
∫ ρ(u)
rmin
rddr
=
F (R0)Ωd,k
d+ 1
rd+1maxδt ,
(95)
where r = ρ(u) is the solution to the equation v(u, r) =
t0 +δt and rmin has been set to zero in the end. Similarly,
with the (v, r) coordinates, we have
IM2 = F (R0)Ωd,k
∫ t0+δt
t0
dv
∫ ρ0(v)
ρ1(v)
rddr
=
F (R0)Ωd,k
d+ 1
(
rd+1max − rd+11
)
δt ,
(96)
where r = ρ0(v) is the solution to the equation u(v, r) =
t0 and r = ρ1(v) is the solution to the equation u(v, r) =
t1 with r1 the r coordinate of C1. Thus the difference
between IM1 and IM2
IM1 − IM2 =
F (R0)Ωd,k
d+ 1
rd+11 δt . (97)
For the surface term, we have
IΣ = −2F ′(R0)
∫
S
KdΣ
= (d+ 1)F ′(R0)Ωd,kωd−1δt,
(98)
where we have used the expression K = − 1
rd
d
dr
(
rd
√−f)
for the spacelike surface r = rmin and let rmin → 0 in the
end.
In order to write down the explicit expression for the
difference between the two corner terms from C1 and C2,
we shall choose k1a = ∇au and k2a = −∇av. Note that
k1 · k2 = − 2f . Then by (82), we can obtain
IC1 − IC2 = F ′(R0)Ωd,k
× [rd1f ′(r1) + d rd−11 f(r1) ln (−f(r1))] δt , (99)
where we have used
δr = r1 − r2 = −1
2
f(r1)δt (100)
with r2 the r coordinate of C2.
In the SAdS spacetime, the counter term can be ex-
pressed as
Ict = 2F
′(R0)
∫
N
Θ ln(lctΘ)dλdS . (101)
By the translation symmetry, there are only two null seg-
ments contributing to the action growth. The first one
comes from the null segment u = t1 with r as the affine
parameter, i.e., ka1 =
(
∂
∂r
)a
, which gives rise to the ex-
pansion Θ = dr . As a result, the corresponding counter
term can be written as
I
(1)
ct = 2dΩd,kF
′(R0)
∫ rmax
r2
dr rd−1 ln
(
dlct
r
)
= 2Ωd,kF
′(R0)×[
rdmax ln
(
dlct
rmax
)
− rd2 ln
(
dlct
r2
)
+
1
d
(
rdmax − rd2
)]
.
(102)
Obviously, as to the counter term from the second null
segment v = t0, we have I
(2)
ct = I
(1)
ct . By (100), the
growth of the counter term can be written as
δIct = 2dΩd,kF
′(R0)f(r1)rd−11 ln
(
dlct
r1
)
δt . (103)
Then summing all the previous terms, we end up with
δI = Ωd,kF
′(R0)
[
−2r
d+1
1
L2
+ (d+ 1)ωd−1
+rd1f
′(r1) + d rd−11 f(r1) ln
(−f(r1)d2l2ct
r21
)]
δt
= 2dΩd,kF
′(R0)ωd−1
×
[
1 +
1
2
(r1
ω
)d−1
f(r1) ln
(−f(r1)d2l2ct
r21
)]
δt
= 2MF
[
1 +
1
2
(r1
ω
)d−1
f(r1) ln
(−f(r1)d2l2ct
r21
)]
δt ,
(104)
where
MF = Ωd,kdω
d−1F ′(R0) (105)
is the ADM mass[22]. As a result, the action growth rate
is given by
I˙ = 2MF
[
1 +
1
2
(r1
ω
)d−1
f(r1) ln
(−f(r1)d2l2ct
r21
)]
,
(106)
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which reduces to
I˙ = 2MF , (107)
in the late time limit with r1 → rh. It is noteworthy
that this late time behavior is also obtained by different
approaches in [27–29].
2. Critical gravity
Now let us move onto the critical gravity. The original
bulk action is given by[27, 30],
Ibulk =
∫
M
dd+2x
√−g
×
[
R− 2Λ− 1
m2
(
RabRab − d+ 2
4(d+ 1)
R2
)]
,
(108)
where m is a dimensionful parameter. Whence the cor-
responding equation of motion can be obtained as[
8Λm2 + 8dΛm2 + 4(d+ 1)
(
RcdR
cd −m2R)
+(d+ 2)
(
4∇c∇cR−R2
)− 8(d+ 1)∇c∇dRcd] gab
+ 4
[
Rab
(
2(d+ 1)m2 + (d+ 2)R
)− 4(d+ 1)RbcRca]
+ 4 [−(d+ 2)∇a∇bR+ 2(d+ 1)∇a∇cRcb
+2(d+ 1)∇b∇cRca − 2(d+ 1)∇c∇cRab] = 0 ,
(109)
and the auxiliary field as well as its decedents reads
ψabcd =
(
1 +
2 + d
2(1 + d)m2
R
)
gc[agb]d
− 1
m2
Ra[cgd]b − 1
m2
Rc[bga]d ,
Ψab = −1
2
(
1 +
2 + d
2(1 + d)m2
R
)
hab (110)
− 1
2m2
[
Rcdn
cndgab −Rab − nc (naRbc + nbRac)
]
,
Ψˆ = −2 + 1
m2
(
2Rabr
arb − 2Rabnanb − d+ 2
d+ 1
R
)
.
It is not hard to show that with
Λ =
d(d+ 1)
(
d2 − 2d− 4L2m2)
8L4m2
, (111)
(88) satisfies the equation of motion. So in this case, the
SAdS metric is also the solution to the critical gravity.
With this solution, one can obtain
Ibulk = −2d+ 1
L2
(
1− d
2
2L2m2
)∫
M
dd+2x
√−g ,
Ψab = −1
2
(
1− d
2
2L2m2
)
hab ,
Ψˆ = −2
(
1− d
2
2L2m2
)
.
(112)
Following the same calculation as F (R) gravity, one can
easily obtain the action growth rate for the critical grav-
ity as
I˙ = 2MC
[
1 +
1
2
(r1
ω
)d−1
f(r1) ln
(−f(r1)d2l2ct
r21
)]
,
(113)
where
MC = dΩd,kω
d−1
(
1− d
2
2L2m2
)
(114)
is the ADM mass for the critical gravity[30]. The late
time action growth rate is the same as that obtained in
[27] by using the approach developed in [25, 26].
B. Case 2: The asymptotically AdS black hole for
the critical Einsteinian cubic gravity
In this subsection, we consider the 4-dimensional the
critical Einsteinian cubic gravity. The corresponding
bulk action is given by[31]
Ibulk =
∫
M
d4x
√−gF
=
∫
M
d4x
√−g (R− 2Λ + λP) ,
(115)
where the cubic invariant polynomial term P of the Rie-
mann tensor reads
P = 12RacbdRcedfReaf b +RabcdRcdefRef ab
− 12RabcdRacRbd + 8RabRbcRac
(116)
with λ the coupling constant.
In terms of the auxiliary field
ψabcd =
1
2
(gacgbd − gadgbc) + 6λ (RadRbc
−RacRbd + gbdRaeRce − gadRbeRce
− gbcRaeRde + gacRbeRde − gbdRefRaecf
+ gbcR
efRaedf + gadR
efRbecf − gacRefRbedf
− 3RaedfRbecf + 3RaecfRbedf + 1
2
Rab
efRcdef ) ,
(117)
the equation of motion can be expressed as
ψacdeRb
cde − 1
2
gabF − 2∇c∇dψacdb = 0 . (118)
As shown in [32], when the parameters satisfies the fol-
lowing critical relation
Λ = − 2
L2
, λ = −L
4
24
, (119)
the above equation of motion admits a static asymptoti-
cally AdS black hole solution, whose line element can be
written as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22,k (120)
11
with the blackening factor
f(r) =
r2
L2
+ k − µ . (121)
Then following the exact same procedure, one can obtain
IM1 − IM2 = 4Ω2,kr1
(
µ− r21L2
)
δt . (122)
By using (26), one can further find that the surface term
of Σ vanishes. In addition, the straightforward calcula-
tion gives rise to the following corner term
IC1 − IC2 = 4Ω2,kr1
×
[(
r21
L2
− µ
)
+ f(r1) ln (−f(r1))
]
δt .
(123)
At last, the counter term contribution of the null seg-
ments can be obtained as
δIct = 8Ω2,kr1f(r1) ln
(
2lct
r1
)
δt , (124)
where we have used Θˆ = − 8r . By summing all the previ-
ous terms, we end up with
I˙ = 4Ω2,kr1f(r1) ln
(
−4f(r1)l
2
ct
r21
)
. (125)
In the late time limit, the action growth rate apparently
vanishes. However, this late time behavior still saturates
the Lloyd bound because the mass of this black hole also
vanishes[32].
VI. CONCLUSION
We have presented a complete discussion of the vari-
ational problem for F (Riemann) gravity with a non-
smooth boundary. In order to give rise to a well posed
variational principle, we must supplement the surface
term and corner term to the bulk action. Following the
method developed in [7], we obtain a general formula for
the boundary term, where the corner term can be ob-
tained by integrating the Wald entropy density weighted
by a transformation parameter between the two inter-
sected segments. When the involved segment is null, we
are also required to add a counter term to make the full
boundary term invariant under the reparametrization.
Then motivated by the CA conjecture, we apply the re-
sulting full action to evaluate the full time action growth
rate of the WDW patch in the SAdS spacetime for the
F (R) gravity and critical gravity, as well as in an asym-
potically AdS black hole for the critical Einsteinian cubic
gravity. For the F (R) and critical gravity, the late time
action growth rate shares exactly the same behavior as
those obtained by other approaches. For the critical Ein-
steinian cubic gravity, we find that the late time action
growth rate vanishes but still saturates the Lloyd bound.
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